We perform a detailed comparison between a Markov Switching Jump Diffusion Model and a Markov Switching α-Stable Distribution Model with respect to the analysis of non-stationary data. We show that the jump-diffusion model is extremely robust, flexible and accurate in fitting of financial time series. A thorough computational study involving the two models being applied to real data, namely, the S&P500 index, is provided. The study shows that the jump-diffusion model solves the over-smoothing issue stated in [11] , while the α-stable distribution approach is a good compromise between computational effort and performance in the estimate of implied volatility, which is a major problem widely underlined in the dedicated literature, see, e.g., [11] .
Introduction
Financial time series are hard to model, since they are heavily influenced by unpredictable events. Natural disasters, uncertainty about public behaviour, statements from governments and central banks, etc., are all events that can drastically affect the market. As a consequence financial data do not behave the same at all times, hence we cannot assume any stationarity property for them. The latter implies that classic techniques used to analyse time series are widely inadequate to model such data, therefore alternative methods have to be developed. The family of Markov Switching Models (MSM) constitutes a possible solution, since these models allow us to effectively address the non-stationarity of financial data.
The main idea behind the MSM is that, in order to take into account the changes in the behaviour of the data, we allow the distribution of the observations to change over time. A general MSM model can be written in the following form        y t = f (S t , θ, ψ t−1 )
where S t indicates the state of the model at time t, θ is the vector of the parameters characterizing the model, ψ t := {y k : k = 1, . . . , t} is the set of all observations up to time t,S t := {S 1 , ..., S t } is the set of all observed states up to time t, Λ = {1, ..., M } is the set of all possible states, and g is the function that governs the transitions between the states. The function f defines how the observation at time t depends on S t , θ, and ψ t−1 and finally, t ∈ {0, 1, ..., T }, where T ∈ N, T < +∞, is the so called terminal time. System (1) clearly shows the intrinsic richness of the MSM approach. Particular realizations of (1) allow the treatment of specific problems. Before getting into the details of our study, it is worth mentioning that in most of the dedicated literature, we can distinguish between two classes of models. The first class consists of models that have complicated distributions for the data or a large number of states, but very simple transition laws, e.g., a first order Markov chain, see, e.g., [11, 6, 2] . The second class is made up of models with simple assumptions and very few states, usually two, but with more complicated transition laws, see, e.g., [7, 4, 10] . The present paper is structured as follows: in Sections 1 through 4 we cover the mathematical and computational theory needed to establish the techniques that we then develop in subsequent sections; in Section 5 we introduce the jump-diffusion model, while in Section 6 we present a model that uses α−stable distributions; in Section 7 we explain how the models can be concretely implemented and, in Section 8, we present the related results obtained applying them to a relevant case study which concerns the S&P500 index; conclusions and further developments are outlined in Section 9.
Bayesian Inference
Bayesian Inference is a branch of statistical inference that assumes the parameters of a probability distribution to be randomly distributed according to a prior distribution. In particular the idea is to exploit the observed data, along with the Bayes rule, to generate the posterior distribution of the aforementioned parameters. Therefore, the posterior distribution can be interpreted as the distribution of the parameters once we have taken into account both our subjective belief about them, namely the prior, and the data. Such an approach can be rigorously represented as follows
where π(θ) is the prior distribution, f (y|θ) is the distribution of the data depending on the parameter θ, and f (θ|y) is the posterior of θ. Finally, f (y) is the marginal distribution of y, namely f (y) = f (y, θ)dθ = π(θ)f (y|θ)dθ .
Clearly the choice of the prior can have a large impact on the posterior. A particularly convenient form of prior is what is known as a conjugate prior. We say that a prior distribution is conjugate if the posterior distribution derived from it belongs to the same family, as it happens, e.g., for the BetaBernoulli pair, namely
f (y|θ) = n y θ y (1 − θ) n−y ; f (θ|y) ∝ θ (α+y)−1 (1 − θ) (β+n−y)−1 ;
∝ Beta(α + y, β + n − y) .
It follows that if we start with a Beta(α, β) prior and assume that the data are binomially distributed, we end up with a Beta(α + y, β + n − y) posterior.
Hence, we do not have to update the distribution for each new observation, just its parameters. We would like to note that the latter is a particularly relevant aspect from the algorithmic point of view since it translates into less computationally expensive code. For the sake of completeness, in the following subsections we list other particularly convenient choices for distribution pairs and, in order to give clear examples, we first start by explaining how the posterior of a set of independent identically distributed (i.i.d) random variables is obtained. Let {y 1 , ..., y n }, n ∈ N be a set of i.i.d. random variables with density function f (y|θ). Moreover, let θ ∼ π(θ). Then
where
is the likelihood function of the data, and Θ is the set of all possible values of θ. For the rest of this paper we will denote the vector of observations by y.
Normal-Normal
Assume that we have n ∈ N independent observations
where µ ∈ R, and the value of σ > 0 is known. In order to perform Bayesian inference on the given data, we also need to place a distribution on µ. Therefore, we set
The corresponding likelihood function is
while for the posterior we have
Inverse Gamma-Normal
Assume again that we have n ∈ N independent observations
but, this time, µ ∈ R is known, while σ > 0 is unknown. Taking σ 2 to be inverse-gamma distributed with parameters α 0 and β 0 , and denoting the distribution by invΓ(α 0 , β 0 ), we can write the density function of σ as follows
where Γ(t) is the extension of the factorial to the set of positive real numbers, known as the Gamma function, and defined by
Therefore, the associated likelihood function is
hence, the posterior is
Remark 1. Unfortunately, not all distribution pairs are as convenient as the previously mentioned ones, especially from the point of view of the parameter simulation needed by concrete computational studies. When the posterior is a well known distribution, as in the normal-normal and inverse gammanormal cases, we can simulate the parameters using, e.g., existing R libraries.
Otherwise, ad hoc sampling algorithms have to be developed. The next section addresses these problems.
Markov Chain Monte Carlo
In this section, we describe two methods that will be used to sample the parameters, namely, the Gibbs Sampling Method and the Metropolis-Hastings Algorithm. The latter will be used in situations where the posterior distribution is non-standard, while the former will be used when the distribution can be simulated using an existing software.
Gibbs Sampling
Assume that we have a model with a finite number k of parameters, θ = (θ 1 , ..., θ k ), and that we want to find the full posterior distribution f (θ 1 , ..., θ k |y). This goal can be quite difficult to reach, since the multivariate simulation of distributions is much more tangled and computationally heavy than its univariate counterpart. The Gibbs sampling approach allows the sampling of f (θ 1 , ..., θ k |y), knowing only the conditional distributions
Let N be the number of simulations we want to perform. We assign arbitrary starting values (θ Step k: Draw θ 
Metropolis-Hastings Algorithm
The Gibbs sampler is rather easy to implement, but its major drawback is that it requires each f (θ i |θ −i , y) to be readily samplable, where θ −i is the vector θ\{θ i }. The Metropolis-Hastings algorithm allows for a solution to such an inconvenience. In particular, it only requires a function f (θ i |θ −i , y) proportional to the density function f (θ i |θ −i , y), and a proposal distribution q(·|θ) which denotes a proper probability density function defined on the space Θ of all possible values of θ. In what follows we provide the description of the general Metropolis-Hastings algorithm, which uses the full parameter vector θ, as it is reported in [5] . We underline that the algorithm remains unchanged when θ is a scalar.
Let N be the number of simulations we want to perform. We assign an arbitrary starting value θ 0 to the parameter vector. Then, for every j ∈ {1, ..., N }, we perform the following steps
Step 1: Draw θ new from q(·|θ j−1 ) ;
Step 2:
Step 3: Define p = min {1, r} ;
Step 4: Set θ j := θ new , with probability p θ j−1 , with probability 1 − p .
Having defined a method to sample the parameters, we now have the task of simulating the states of the models we will be using. This problem is the subject of the next section.
State Simulation
In this section our goal is to simulate the state vectorS T . In order to accomplish this, we first need to obtain the values P (S 1 |ỹ 1 ) , ..., P(S T |ỹ T ). We start by setting arbitrary values for the parameters, and then we use the following expression
Notice that, ∀t ∈ {1, ..., T − 1}, we can sample fromS T if we have g(S t+1 |S t ), which is nothing more than the transition probability from one state to another, and g(S t |ỹ t ). The latter can be obtained, ∀t ∈ {1, ..., T }, exploiting the Hamilton filter, see below.
Hamilton filter
The basic Hamilton filter, see [6] , can be described as input-outputbyproduct.
input: g(S t−1 = s t−1 |ỹ t−1 ) ; output: g(S t = s t |ỹ t ) ; byproduct: f (y t |ỹ t−1 ) .
Running the Hamilton filter for t ∈ {1, ..., T }, we get the desired values g (S 1 |ỹ 1 ) , ..., g(S T |ỹ T ), which can be used to generateS T , as described in what follows
, such a probability is used to draw a sample of S T , i.e.
P(S
, then, the above probability together with the previously simulated S T , are both used to simulate S T −1 , and, proceeding iteratively, we have . . .
, therefore, we can simulate S 1 obtaining the last component ofS T . The latter implies that, for every t ∈ {1, ..., T }, we know what the distribution of y t is, because we know what the state we are in is. In the next two sections we present the models that will be used later.
Jump Diffusion Model
In the paper The Variation of Certain Speculative Prices, see [8] , Benoit Mandelbrot draws attention to the fact that the normal distribution is inadequate when it comes to describing economic and financial data. He argues that although the histograms of price changes seem to behave according to a Gaussian distribution, a more careful analysis reveals that the large number of outliers makes the normal distribution fitted to the data much flatter than the actual data are, and with not enough density at the tails to include all the extreme values. If one tries to manipulate the variance of the Gaussian distribution to accommodate the values around the mean, then the result is a distribution that is even worse than the previous one where the The histogram of the weekly log returns of the S&P500 and the density of the normal distribution obtained by the maximum likelihood method. We see that the normal density has to sacrifice values around the mean to cover the values at the tails. extreme values are concerned. In what follows we will show how to solve the aforementioned issue by using a Gaussian distribution, to model the values around the mean, plus jumps of stochastic intensity, to include outlying values. Specifically, our model is the following
We divide the analysis of the model defined in (9) into two components, the Gaussian component and the jump component.
Gaussian Element
We will use the Gaussian distribution to model most of the data by means of the random variable t ∼ N (µ St , σ 2 St ), where both the mean and the variance of t are state dependent. In particular, we define the state dependence of the mean as follows
hence each state has its own, constant mean, without further restrictions.
Concerning the variance, we assume that it increases depending on the state, namely
where, ∀i ∈ {2, 3, ..., M }, h i > 0, which gives us
hence, by (12), as we go up in states we also go up in volatility.
Jump Element
Jump diffusion models, first introduced into finance by Robert C. Merton in [9] , are currently widely accepted as an effective way to model the behaviour of financial data, see, e.g., [1, 3] . In order to incorporate the jump feature in our model, we have to deal with two major difficulties. First, we have to find a distribution under which the sum of independent random variables behaves well, at least from the point of view of real statistical applications. This task is not as straightforward as it may seem, since even the sum of i.i.d. uniform random variables has a distribution that rapidly grows in complexity with the number of addends. To overcome this particular problem, we have chosen to exploit the exponential distribution to model the i.i.d. jump amplitudes, as the sum of i.i.d. exponential random variables follows a Gamma distribution, namely
where Γ(α, β) is the Gamma distribution in the (α, β) parameterization, while b > 0 and N are given natural numbers. The aforementioned choice leads us to the second problem, which concerns the sign of the jumps. Obviously, financial shocks can have both positive and negative values, while the Gamma distribution allows only for the positive ones. The issue can be solved by multiplying the sum in (13) by a random variable δ taking values in {−1, 1}, with equal probability. We refer to the resulting distribution as the symmetric Gamma distribution and we denote it by symΓ(α, β). Assuming now that X ∼ symΓ(α, β), the probability density function of X is given by
hence X has mean equal to zero, and variance Looking at eq. (15) one can see that β can be used to control how much α influences the variance of the distribution. For example, if we take two random variables X i ∼ symΓ(i, 1), i ∈ {1, 2}, we have V(X 1 ) = 2 and V(X 1 ) = 6 which is a drastic increase in variance. Taking X i ∼ symΓ(i, 30), i ∈ {1, 2} on the other hand gives us the variances V(X 1 ) ≈ 0.0022 and V(X 2 ) ≈ 0.0066, which is a much smaller increase, for the same change in α. The previous, rather straightforward observation, will be useful later since in our model α will represent the number of jumps at a certain point in time. Taking a large β means that every extra jump only slightly increases the variance of the model, hence allowing for a finer analysis of the data. The next step consists in determining the length N of the sum in eq. (13) . In particular we assume that such a sum has a state dependent length represented by a state-dependent Poisson random variable N t ∼ P(θ St ), hence we have to determine the values of θ St . In keeping with the interpretation of the states, see eq. (12), we want the number of jumps to increase as the state the data are in increases. This can be done by ordering the parameters θ St . Moreover, in order to also allow the parameters to be sufficiently flexible for our purposes, we assume them to be distributed as follows
which clearly guarantees that θ 1 ≤ θ 2 ≤ ... ≤ θ M .
Full Model
Summing up the definitions stated in subsections 5.1 and 5.2, we can write the full model as follows
There is no analytic expression for the distribution of y t , but we can obtain an integral form of it using the following well known fact. Let X and Y be two independent random variables with density functions f X (x) and f Y (x), defined for x ∈ R. Then the sum Z = X + Y is a random variable with density function f Z (z) given by
Therefore, by the convolution formula in (18), we have
Although not very useful in general, the expression in eq. (19) can be computationally handled with little difficulty, a crucial fact for the concrete case study we will consider in Section 8. In the next section we consider the α-stable distribution model.
α-Stable Distribution Model
In Section 5, we pointed out that the Gaussian distribution is not adequate to model financial data, mainly because of its slim tails, which we offset by adding jumps. In what follows, we will consider a different approach, namely we will model the data using a distribution that has fatter tails than the Gaussian one, but still preserves its most important characteristics.
α-Stable Distribution
There are multiple equivalent ways to define a stable distribution. We will consider the two most common ones, the interested reader can refer to, e.g., [13] , for the others. Definition 2. A random variable X is said to have a stable distribution if, for every A and B positive, there exists a positive number C and a real number D such that
where X 1 and X 2 are independent copies of X and d = stands for equal in distribution. This implies that the sum of two stable independent identically distributed random variables is still a stable random variable, with the same distribution, up to a scale factor C, and a shift component D. As an example, we can consider two Gaussian random variables X 1 and X 2 , assumed to be independent copies of X ∼ N (µ, σ 2 ). Then,
2 ), which
Alternatively, we can define the stable distribution using characteristic functions, namely Definition 3. A random variable X is said to have a stable distribution if there exist parameters 0 < α ≤ 2, σ ≥ 0, |β| ≤ 1 and µ ∈ R, such that its characteristic function has the form
We call α the stability parameter, β the skewness parameter, γ the scale parameter and µ the location parameter. For α = 2 we obtain the normal distribution, which is the only member of the stable distribution family that has finite variance. For α ∈ (1, 2) we have infinite variance and mean µ, while, for α ∈ (0, 1], both the mean and the variance are undefined. We note that in general there is not a solution in closed form for the probability density function of a stable distribution. The stable distribution will be denoted by S α,β (γ, µ) for the remainder of the paper. 
The Model
In the model we propose, the data are assumed to follow a symmetric α-stable distribution, more precisely y t ∼ S α,0 (γ St , µ St ). The full model is presented in the following
The motivation behind the choice of the model represented by (22), mainly relies on empirical observations of financial data which exhibit fat tails that can not be well described using the Gaussian approach. In particular we believe that such phenomenon can be suitably addressed by exploiting α-stable distributions with α ∈ (1, 2). Moreover, financial data often exhibit structural breaks because of abrupt changes in the market, e.g. as during the sub-prime mortgage credit crisis of 2008, which is the reason why we consider both the scale and the location parameters, to be state-dependent.
As we previously mentioned, in general there is no closed form for the density of an α-stable distribution. Nevertheless, this problem can be circumvented using the fact that y t can be conditionally represented as a Gaussian random variable, see, e.g., [12, 13] , by introducing a random variable λ and using the property
which allows us to have an analytic likelihood function which significantly speeds up the sampling process.
Analogously to what we considered in Section 5, we have one mean for each state, without further restrictions, namely
We also want the scale parameter to be increasing with respect to the state, namely
where ∀i ∈ {2, 3, ..., M }, h i > 0, which leads to the property
so that an increase in the state number indicates an increase in volatility.
Implementation
In this section we get into the specifics of our two models. In particular we provide the details regarding the likelihood functions, the priors and the posteriors, for both the Jump Diffusion Model, described in Section 5, and for the α−Stable Model, defined in Section 6. The concept of duration analysis is also explained, along with its importance. Both of the models will be characterized by four states, with the states being interpreted as low, medium, high and very high volatility regime. Let us start by defining the following quantities
For the rest of this section we will suppress unneeded parameters. Therefore, e.g., the conditional posterior f (µ j |y, σ j , N j , ...), will be denoted by f (µ j |y), the general rule being that the parameters that are not being inferred on are considered known.
Jump Diffusion Model
The description of the implementation is divided into three parts, namely: the first part deals with the form of the likelihood function, the second with the priors while the third part provides a detailed analysis of the different types of obtained posteriors.
Likelihood
We have to take into account whether there are jumps in the model or not, as well as the state of each observation. Hence, if N j = 0, we define
while, if
Then, the full likelihood function is
which has a standard form only if N j = 0, for every j ∈ {1, 2, 3, 4}. As this very rarely happens, we will use the Metropolis-Hastings algorithm in this model.
Priors
Mean: We take the mean to be normally distributed. Moreover, we give the same prior to the means of all the states, namely
Variance: The variance σ 2 1 will have an inverse-gamma prior.
H parameters:
We previously saw that in order for (12) to hold, we need h j > 0, ∀j ∈ {2, 3, 4}, hence we define h j := 1 + h j , for all j, and make these parameters Fréchet distributed, namely
then the density function of h j reads as follows
where α F , s F > 0, and f is defined for h j > 1.
Poisson parameters: For the priors of the Poisson parameters we refer to (16).
Transition probabilities: For the transition probabilities we will use a Dirichlet prior, namely
for every j ∈ {1, 2, 3, 4}. The density function of this particular Dirichlet distribution is given by
and it is defined on the simplex
while, everywhere else, its value is zero. Finally, the parameter b is a constant.
Posteriors
Mean: Because the likelihood function depends on whether or not jumps have occurred, we have two different posteriors for the mean. In particular, if N j = 0, by (2.1), we have
for all j ∈ {1, 2, 3, 4}, while, if N j ≥ 1, we obtain
Variance: Similarly to the previous point, we have to differentiate between the jump and no-jump cases. Therefore, if N j = 0, by (2.2), we have
otherwise, we obtain f (σ 1 |y
H parameters: In order to obtain h i , i ∈ {2, 3, 4}, we need to transform the data, also taking into account the different states.
In particular we have the following cases S t = 2 :
where we have used the transformed data set ψ t to obtain a posterior for h 2 when N 2 = 0, namely
(42)
which gives us the posterior
hence, when N 3 = 0, the posterior is analogous to the one for h 2 , with the only difference being that we use ζ t instead of ψ t .
S t = 4 :
which yields the posterior
In the case where we have jumps, i.e. N j ≥ 1, j ∈ {2, 3, 4}, there is no analytic expression, therefore
Poisson parameters: Concerning the posterior of the theta parameters, for j ∈ {1, 2, 3, 4}, we have
Transition probabilities: The transition probabilities differ from the other parameters in that they do not depend directly on the observations y 1 , ..., y T . Instead, they depend on the vector of statesS T . Assuming that the vectorS T is known, the posterior distribution of the transition probability vector (p 1j , p 2j , p 3j , p 4j ), j ∈ {1, 2, 3, 4}, has the Dirichlet distribution
where n ij is the number of transitions from state j to state i.
α-Stable Distribution Model
In what follows, we proceed analogously to subsection 7.1.
Likelihood
Using the fact that, in the present setting, our data are conditionally normal, see (23), the likelihood function reads as follows
and, unlike in the previous model, we do not have to worry about multiple cases.
Priors
Mean: The prior of the means is the same as in eq. (32). Scale: The distribution of the scale is analogous to that of the variance in the previous model, namely
H parameters: These parameters are exactly the same as they were in the previous model, in fact their role remains unchanged, since they allow for the volatility to increase as the states increase. Lambda: The lambda parameter follows a stable distribution, hence
Posteriors
Mean: The posterior of the mean is analogous to that of the one in eq.
(38), with the only difference being the form of the variance. In particular, we have
Scale: The posterior of the scale is
H parameters: In what follows we limit ourselves to listing the needed transformations, therefore we have S t = 2 :
S t = 3 :
The posteriors are obtained as in the previous case. Lambda: Since there is no closed form for the posterior distribution of the lambda parameter, we only write
The prior and posterior of the transition probabilities are the same in both proposed models. In fact, the transition probabilities do not depend by any of the parameters, but only by the state vector S T .
Duration Analysis
The expected duration of each state for a MSM is a quantity of significant interest. Having an estimate of how long a certain data set remains in a particular state can give us useful insights into how the model will behave for a certain period of time. In this section we are going to explain how the expected duration can be calculated exploiting the transition probabilities.
The expected duration, denoted byd j , is defined as followŝ
where d j is the random variable that models the length of the time interval for which the time series is in state j. The first thing we have to consider is P d j = d , the probability of the data being in state j, meaning
where p ij = P S t = j|S t−1 = i . It just so happens thatd j has a very simple closed form, in particular
We will use the previous expression later on, when we compare the state durations obtained in the present paper, with those provided in [11] . We will see that there is a significant difference in the state durations, showing that the models developed in this paper perform better than the one proposed in [11] to model the time series of the Chicago Board Options Exchange Volatility Index, better known as VIX.
Case Study
Our case study is concerned with the application of the above theory to developing an indicator that has a role similar to the one played by the VIX. In particular we use the set of S&P500 weekly prices, considering a time interval that runs from the 3rd of January, 2007 to 29th of December, 2014. We picked this interval to include the sub-prime mortgage crash of 2008 as well as the subsequent period of relative calm. This choice allows us to analyse how our approach performs in both situations. We will show that our techniques improve the results stated in [11] , where the model was very effective in periods of high volatility, but also too smooth in case of low volatility. Our results are summarised below with respect to both the Jump Diffusion Model, defined in Section 5, and the α−Stable Model, provided in Section 6.
Jump Diffusion Model
For the jump diffusion model we model the data as a zero mean process in order to make the framework more parsimonious. We take the exponential distribution parameter b to be equal to 40, in order to make the contribution of each extra jump to the variance relatively small. This choice of b allows for a finer analysis. We first present the histograms of the sampled variances, see Fig. 6 .
As we can see, the algorithm is rather accurate in sampling the variances. In particular, we recall that the theoretical posterior of the variances is an inverse-Gamma distribution, which is exactly what we can observe in the histograms. Moreover, in Table 1 , we report the point estimates of each variance value. 
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Concerning the distribution of the jumps, we refer to Fig. 7 which highlights that the jumps, like the Gaussian variances, they have an amplitude that increases according with the number of state. The first state almost never has jumps. The latter means that, when we are in the first state, the description of the variance of the observations is left mainly to the parameter σ 2 1 . For the other states we see an increase in non-zero jumps and also an increase in the average number of jumps, as we go up in states. Noticing how close the sample variancesσ (Table  1) , we see that the distinction between the states is in the jumps. This is exactly the result that we have aimed to obtain by defining this model. In (53), we report the matrix with the transition probabilities of the model, while eq. (53) indicates the average number of transitions from one state to another. In particular, the elementP ij is the transition probabilityp ij and M ij is the number of transitions from state i to state j. 
The last thing we want to list before comparing our indicator with the VIX index, is the expected values of the state durations. Using eq. (51), we obtain the following result Finally, we compare our results with the VIX index data. In particular, our volatility indicator, denoted by I J t , will indicates the expected standard deviation of the data at time t, namely
where J stands for jump, we also present a visual comparison in the figure below. Since we want to compare this model to the α−stable distribution model that follows, we need some way to quantify what is a good estimate of the volatility. Following a standard approach, we take into consideration the sum of the squares of the difference between our volatility indicator and the VIX, namely we define
where y t,VIX is the value of the VIX at time t. Using eq. (56), we obtain S J = 26.23. In the next section we analyse the performances provided by the second model.
α-Stable Distribution Model
In this model we do not have to sample the jumps N t , or their parameters θ St . We use this decrease in the number of parameters to infer on the mean µ St without making the simulations too cumbersome, or inaccurate. In Fig.  9 , we present the histograms of the values λγ 2 j , j ∈ {1, 2, 3, 4}. We choose these values, instead of just γ 2 j , since the indicate the variance of y t |λ. Related estimates can be found in Table 2 . Looking at Table 2 , we notice that there is a much bigger difference between the last three scale estimators, than there one between the last three Gaussian variance estimators. The latter result is due to the fact that the present model lacks of a jump component, therefore all the volatility has to be explained by mean of the scale parameters.
We would like to underline that the simulations of λ are not robust. In particular, there is a very low acceptance rate in the exploited MetropolisHastings. We explain why this happens by an example, all the notation used in what follows, being the same as in subsection 3.2.
We are in the special case of the Metropolis-Hastings algorithm where λ = θ is the only parameter. If we take λ j−1 = 0.01, where λ j−1 stands λ new ∈ {0.013, 0.0014, ..., 0.0099}, then its acceptance probability is 1, namely we automatically take λ j = λ new . There are only three values that λ new can take and that are larger than 0.01, i.e. 0.0101, 0.0102, and 0.0103, with acceptance probabilities 0.23, 0.053, and 0.012, respectively. The latter implies that the samples of λ will converge towards zero, which poses a numerical problem since then the values of γ St will blow up, since V (y t |λ) = λγ small constant, but then, once λ reaches such a value, the algorithm rarely accept a larger value as a sample, hence leading to the problem of too few samples of λ being accepted. Despite the aforementioned shortcoming, the proposed model still works quite effective, as we will see further down.
In Fig. 11 , we present the histograms of the different means, while Table  3 reports their point estimates. One thing that stands out in the mean point estimates, is the sign of the mean of the fourth state, which is negative. The latter should not come as a surprise since it refers to highest volatility value in the time series, namely the one related to the mortgage crisis of 2008. We recall that, during a severe financial crisis, most price movements are downward, resulting in a negative drift. In what follows, we present the transition probability matrix, see eq. We can note how the difference between the results in (59) and those in (54), is significant. In order to better explain the latter datum, let us define the volatility indicator within the present framework, and make a comparison with the VIX index. In particular we define a second volatility indicator, denoted by I α t , which, analogously to the previous case, will stand for the expected standard deviation of the data at time t, i.e. 
In Fig. 12 , we can see a visual comparison between the two values. Using eq.
(56), we obtain S α = 39.69, which is a significant increase over S J . This leads us to conclude that the estimate obtained from the jump diffusion model is closer to the VIX than the one obtained from the α-stable distribution model.
We now briefly explain the difference between the results in (54) and (59). The expected duration of state 1 falls while at the same time there is a drastic increase in the expected durations of states 3 and 4. Looking at the way the estimators behave in Fig. 7 and in Fig. 12 , it is to note that the estimator obtained from the jump diffusion model is much more jagged, because of the regular transition from one state to another; while the one obtained from the stable distribution model is much smoother, seeing as the time series tends to stay in the high volatility states much longer. Furthermore, when the stable distribution model has to place observations, that should be in the low volatility states, in the high volatility ones, so that to solve the variance underestimation problem mentioned in [11] , the jump diffusion model can simply add a few jumps to make up for the missing variance. This is why, despite its attempts to increase the variance by staying in the higher states, we see the indicator of the stable model drooping and underestimating the low volatility, while, in this situation, the jump model stays much closer to the VIX.
Conclusion and Future Developments
In the present paper we have presented two novel techniques to implement a Markov Switching Model (MSM) type approach to non-stationary data, namely a jump diffusion-MSM and an α−stable-MSM. In Sec. 8.1, we have shown that the first one is very effective in mimic the VIX index, moreover its implementation can be smoothly done without sacrificing its theoretical peculiarities, see Sec. 5. A slightly different situation concerns the implementation of the second approach, see Sec. 8.2, since eeven if the α-stable-MSM approach turns to be quite effective, we have to consider sampling problems of one of its parameters, implying that computational results do not behave exactly the way the are meant to.
We would like to underline that the achieved tractability of the jump diffusion model is a crucial point, and it witnesses how such technique can be fruitfully used to model any kind of time series presenting pronounced tails, not just financial ones.
As far as the issues of over-smoothing and excessive state duration, which have been stated in [11] as the main deficiencies of the MSM approach to financial data, we have shown that, using the models here presented, the state durations can been significantly reduced, see subsection 8.1, and the problem of over-smoothing can be solved, see subesctions 8.1 and 8.2. Concerning future developments, we aim at improving our jump diffusion-MSM model by considering , instead of a simple first-order Markov transition law, a kth order Markov transition law. Other possibilities consist in dealing with a transition law that is state duration dependent, or allowing the law to depend on other observable quantities used as indicators of the economy behaviour, e.g., real personal income, industrial production index, rate of private credit growth, etc.
